THE ORNSTEIN UHLENBECK BRIDGE AND APPLICATIONS TO 

MARKOV SEMIGROUPS 
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Abstract. For an arbitrary Hilbert space-valued Ornstein-Uhlenbeck process we con- 
struct the Ornstein-Uhlenbeck Bridge connecting a starting point x and an endpoint y 
that belongs to a certain linear subspacc of full measure. We derive also a stochastic 
evolution equation satisfied by the OU Bridge and study its basic properties. The OU 
Bridge is then used to investigate the Markov transition semigroup associated to a nonlin- 
ear stochastic evolution equation with additive noise. We provide an explicit formula for 
the transition density and study its regularity. Given the Strong Feller property and the 
existence of an invariant measure we show that the transition semigroup maps LP func- 
tions into continuous functions. We also show that transition operators are g-summing 
for some q > p > 1, in particular of Hilbert-Schmidt type. 
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I. Introduction 

Let (Zf) be an Ornstein-Uhlenbeck process on a separable Hilbert space H. By this we 
mean that (Zf) is a solution to a linear stochastic evolution equation 

f dZf = AZfdt + VQdW t , , s 

\ z* = xeH. { > 
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In the above equation iW t ) is a standard cylindrical Wiener process defined on a certain 
stochastic basis (D,, (JP t ) , P) and Q = Q* ^ is a bounded operator on H. We assume 
that the operator (A, dom(A)) is a generator of a Co-semigroup (St) on H. Under the 
assumptions given below the solution to (1.1) is defined by the formula 



The aim of this paper is to study the basic properties of the Ornstein-Uhlenbeck Bridge 
(sometimes called a Pinned Ornstein-Uhlenbeck process) yZ®' v j associated to the Ornstein- 
Uhlenbeck process (Zf ) and its applications. Let us recall informally, that this process is 
defined via the formula 



where x,y G H and B C H is a Borel set. Intuitively, it is an Ornstein-Uhlenbeck process 
"conditioned to go from x at time t — to y at time t = T" (a rigorous definition is given 
in Section 2, cf. Def. 2.15). The importance of various types of bridge processes in the 
theory of finite dimensional diffusions is well recognised, see for example [20]. In infinite 
dimensional framework this concept was developed in [17] in order to study regularity of 
transition semigroup of certain linear and nonlinear diffusions on Hilbert space. In [15] 
and [16] an Ornstein-Uhlenbeck Bridge is introduced in order to obtain lower estimates on 
the transition kernel of some semilinear stochastic evolution equations. Those estimates 
provide a powerful tool to study exponential ergodicity and V-uniform ergodicity for such 
equations. In particular, they allowed us to obtain in [11] explicit estimates of the rate of 
exponential convergence to the invariant measure. 

In the present paper the OU Bridge is studied under much more general conditions and 
in more detail. We provide also further applications of the OU Bridge to the analysis 
of transition densities and the regularity of associated Markov semigroups. Regularity of 
Strongly Feller transition semigroups was studied in [8] (see also references therein). We 
use methods completely different from [8] and obtain stronger results but for bounded 
drifts only while the aforementioned paper allows linearly growing drifts. Closely related 
results for semigroups that are not strongly Feller may be found in [3]. For the regularity 
of strongly Feller semigroups associated to the OU process we refer to [5] . 

Let us describe the contents of this paper. In Section 2 we provide, for the reader's 
convenience, some relevant facts about linear measurable mappings and conditional dis- 
tributions of Hilbert space valued Gaussian random vectors. Then we give a definition 
of the OU Bridge and some basic results on OU processes and OU Bridges. Some of 
the technical results from [11] that are needed in the sequel are stated without proof and 
others (Lemma 2.8, Proposition 2.11 and Lemma 3.3) are reproved under more general 
conditions. In Section 3, a stochastic equation for the OU Bridge is derived. A new Brow- 
nian Motion adapted to the filtration of the Ornstein Uhlenbeck Bridge is obtained and 
then it is shown that the Bridge process is a unique mild (and weak) solution of a linear 




(1.2) 




t < T, 
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nonhomogeneous stochastic evolution equation with singular coefficients. Section 4 is de- 
voted to applications of the previous results to semilinear stochastic equations; continuity 
of Markov transition densities (with respect to the Gaussian invariant measure v that is 
an invariant measure with respect to the OU process) is proved (Theorem 4.5 and Remark 
4.9), the Markov semigroup is shown to map the space L p (H,i/), p > 1, into the space 
of continuous functions on H (Theorem 4.6) and is also shown to be Hilbert-Schmidt on 
L 2 (H, v) and ^-summing (in particular, compact) as a mapping L P (H, v) — > L q (H, v) even 
if q > p provided the gap between q and p is not too large (Theorem 4.7). At the end of 
the section the results are illustrated in the case of one- dimensional semilinear stochastic 
parabolic equation (Example 4.10) in which case all conditions imposed in the paper are 
verified or specified. 

ACKNOWLEDGEMENT. The authors are grateful to Jan Seidler for his valuable com- 
ments and suggestions. 



2. Preliminaries on OU Processes and Bridges 

In this section we collect, for the reader convenience, some properties of infinite-dimensional 
OU processes and Gaussian random variables which will be useful in the paper. We also 
define the OU Bridge and recall some known results that will be useful in the sequel. 

2.1. Measurable Linear Mappings. Let H be a real separable Hilbert space and let 
fi = N(0, C) be a centered Gaussian measure on H with the covariance operator C such 
that im(C) = H. The space He = im (C 1//2 ) endowed with the norm \x\c = |C _1//2 x| can 
be identified as the Reproducing Kernel Hilbert Space of the measure \i. In the sequel we 
will denote by {e n : n ^ 1} the eigenbasis of C and by {c n : n ^ 1} the corresponding set 
of eigenvalues: 

C C n C n 6 n: Tl ^ 1. 

For any h G H we define 



n 1 

4>n(x) = y~] — 1= {h, e k ) (x, e k ) , x e H. 

< ' . Int. 



The following two lemmas are well known (see e.g. [11]): 

Lemma 2.1. The sequence (<f> n ) converges in L 2 (H,^l) to a limit <fi and 

4>(x)\ 2 fi(dx) = \h\ 2 . 



n 



Moreover, there exists a measurable linear space C H, such that = 1, is 

linear on ^ h and 

4>(x) = lim (j) n (x), x G (2.1) 

n— »oo 

We will use the notation 4>{x) = (/i, C~ l l 2 x). 
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Let Hi be another real separable Hilbert space and let T : H — > Hi be a bounded 
operator. The Hilbert-Schmidt norm of T will be denoted by ||T||^ S . Let 



n 1 

T n x = —— (x, e k ) Te k , x E H. 

< * . In,. 



Lemma 2.2. Let T : H — > H\ be a Hilbert-Schmidt operator. Then the sequence (r n 
converges in L 2 (H, n; Hi) to a limit T and 



H 



2 

T(x) fj,(dx) = \\T\\ HS . 

Hi 



Moreover, there exists a measurable linear space C H, such that fj, (y&r) = I, T is 
linear on an d 

f{x) = lim f n x, x e Jt T . (2.2) 

n— *oo 

We will use the notation TC~ l l 2 x := T(x). 

The above procedure is specified in the following Lemma (the proof of which may be 
found in [11]) to operator- valued functions: 

Lemma 2.3. Let K(t, s) : H — > H be an operator-valued, strongly measurable function, 
such that for each a G (0, T) 

pa pa 

/ / \\K(t, s)\\ 2 HS dsdt < oo. (2.3) 
Jo Jo 

Then the following holds. 

(a) There exists a Borel set B C [0,T] 2 of full Lebesgue measure such that the measurable 
linear mapping K(t, s)C~ 1 ^ 2 is well defined for all (s, t) E B. 

(b) There exists a measurable mapping f : [0, T) 2 x H — > H and a measurable linear space 
M C H of full measure such that f(t, s, y) = K(t, s)C~ 1 ^ 2 y for y E ^# and for each a < T 

/ \f(t,s,y)\ds < oo 
Jo 

for almost all t E [0, T\ . We will use the notation K(t, s)C~ 1 l 2 y := f(t, s, y) . 



2.2. Conditional Distributions. Let Hi and Hi be two real separable Hilbert spaces 
and let (X, Y) E Hi x Hi be a Gaussian vector with mean values 

rrix = EX, and my = 

The covariance operator of X is determined by the equation 

E{X -m x ,h){X -m x ,k) = (C x h,k) , h,kEH h (2.4) 
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and a similar condition determines the covariance Cy of Y. The covariance operator 
Cxy '■ Hi — > H 2 is defined by the condition 

(C XY h, k) = E (X - m x , h) (Y -m Y ,k), he H±, k e H 2 , 

and then C XY = Cyx- 

For a linear closable operator G on H the closure of G will be denoted by G. The next 
theorem is well known, see for example [14] 

Theorem 2.4. Assume that Cx is injective. Then the following holds. 

(a) We have 

im(C yx )cim(ci /2 ), (2.5) 

the operator T = C x 1 ^ 2 Cyx is of Hilbert- Schmidt type on H and T* = CxyCx 1 ^ 2 . 

(b) We have 

E(Y\X) = m Y + T*C X 1/2 (X -m x ) , ¥ x - a.s. 

(c) The conditional distribution ofY given X is Gaussian N (E{Y\X) ,Cy\x), where 

Y\X — ^Y — J- J- ■ 

Moreover, the random variables T*C X 1 ^ 2 X and [Y — T*C x l ^ 2 X j are independent. 



2.3. Some Properties of the Ornstein-Uhlenbeck Process. The following hypothesis 
is a standing assumption for the rest of the paper. 

Hypothesis 2.5. For every t > 

/ ll^ 1/2 llL ds< °° > ( 2 - 6 ) 

Jo 

and 

fa(Qd=H, (2.7) 

where, in view of (2.6) 

Q t = f S s QS* s ds. (2.8) 
Jo 

is a well defined trace class operator. 

It is well known that if Hypothesis 2.5 holds then the process (1.2) is a well defined H- 
valued, Gaussian and Markov process, see [7]. 

Let /i denote the probability law of the process {Z® : t G [0, 1]} that is concentrated on 
L 2 (0, T; H) and let % : L 2 (0, T; H) -> C(0, T; H) be defined by the formula 

S?u(t) = [ S t -sQ l/2 u(s)ds. (2.9) 
Jo 
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Note that, cf. [7], im(Jzf) = RKHS(fi) (the Reproducing Kernel Hilbert Space of the 
measure /i). We will use the notation f/% for the Gaussian measure N (S t x,Q t ) and \i t 
for By the properties of Gaussian distribution ^ is the probability distribution of a 
random variable and we set Z t = Z®. In the rest of this subsection we give several 
statements on properties of the family of covariance operators {Qt '■ t ^ T} that will be 
useful later. 

The definition of Qt given in (2.8) yields immediately a simple identity that will be fre- 
quently used: 

Q T = Qt + S t Q T - t Sl *<T. (2.10) 



Lemma 2.6. We have 



im [q] /2 ^ C im (Q 



hence the operator U t = Q^^Q^t 2 is bounded on H for every t ^ T and \\U t \\ ^ 1. 
Moreover, U£ = Ql^Qj* 1 ^ 2 , the closure of the operator QI^Qt defined on the domain 
im (Q 1/2 



T 

Proof. From the definition of the covariance operators Q t it follows that |Qtx| 2 ^ |Qt^| 2 
for each x £ H and ^ t ^ T and the conclusion easily follows. □ 

Lemma 2.7. (a) The operator Vt = Q T Sr-tQt is we ^ defined and bounded on H and 

\\V t \\^l, te(0,T). (2.11) 



Moreover, 

(b) For any t £ [0,T] 



lim K*x = lim V t x = x, x e H. (2.12) 



Qr-t = QV 2 (I ~ V t V t *) Q}l\ (2.13) 



Proof. The inequality (2.11) has been proved in [18], the convergence (2.12) in [11]. Part 
(b) follows immediately from (2.10). □ 

Under a slightly stronger condition we show that the inequality (2.11) is sharp, more 
precisely, we have 

Lemma 2.8. The following conditions are equivalent: 
(a) For any t £ (0, T] 

im (q] /2 ) = im (q}I 2 ) . (2.14) 



(b) im (Ut) is dense in H for each t £ (0,T). 

(c) We have 

\\V t \\<l, te(0,T). (2.15) 



Proof. Obviously (a) implies (b). 

To prove that (b) implies (c) note first that (2.10) yields 



^5jP t*^ 



hence putting y = Q l J, 2 x we obtain 



Qt-iQt ^ V 



, t y\ ■ 



Assume that \\V t *\\ = 1 for a certain t E (0,T). Since im (q? 2 ^ is dense in H, there exists 
a sequence y n G im ^Q^ 2 j, such that \y n \ = 1 and |VJ*y n | — > 1. Therefore, 



lim 

n— >oo 



Q^ t QT 1/2 Vn ~ = lim (1 - \V t *y n \ 2 ) = 0. 



(2.16) 



Let y n , k be a subsequence converging weakly to y 6 H. Since 

im (Q^-t) C im (q^ /2 ) , t < T, 

and 



we find that 



Q l T-tQT l2 yn k -» Qt^Qt'^Vi weakly, 



1/2 ^,-1/2 



and by (2.16) we obtain Q^_ t Q T y = and since |V^*y| = 1 we obtain y ^ 0. It follows 

that the range of the operator Q? 1 Qr-t * s no ^ dense in H, which shows that (b) implies 
(c). 

Finally, assume that (c) holds. Then (2.13) and Proposition Bl in [7] yield 



im (Q^) = im (q 1 ^ (/ - V t V t 



*sl/2 



Since ||T4|| < 1> the operator / — V t V t * : H — > H is an isomorphism, hence 



im r^T-t) = im (Q 



and fa) follows. 



□ 



Remark 2.9. Necessary and sufficient conditions for (2.14) to hold are not known but it 
was proved to be satisfied in the following cases, 
(a) If 



im (S t ) C im (q] /2 ^ , t>0, 



then (2.14) holds. It is known that the above condition is equivalent to the strong Feller 
property of the OU transition semigroup R t <t>(x) = E</> (Zf), see [7] for details, 
(b) Assume that the process (Zf ) admits a nondegenerate invariant measure v and im(Q) 
is dense in H. Let Hq = im (Q 1 ^ 2 ) be endowed with the norm \x\q = |Q _1 ' 2 a; . Assume 
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that Hq is invariant for the semigroup (St) and its restriction to Hq is a Co-semigroup 
in Hq. Then (2.14) holds, see [10]. These assumptions are satisfied for any process (Zf) 
with the transition semigroup analytic in L 2 (H, u), in particular they are satisfied for any 
reversible OU process. 

We define the operator B : Q^ 2 (H) -> L 2 (0, T; H), 

Bx(t) = Q 1/2 S T _ t Q~ 1/2 x, t G [0, T], xe Q^ 2 (H). 

The following simple Lemma has been proved in [11]: 

1/2 

Lemma 2.10. (a) The operator B with the domain dom(S) = Q T (H) extends to a 
bounded operator (still denoted by B) B : H — > L 2 (0,T; H) . Moreover, 

\Bx\ L 2 {0tT . H) = \x\ H , x E H. 

(b) Seting 

H 3 x -> Jfx(t) = K t x E L 2 (0,T;H), (2.17) 

where 

K t = Q\ /2 V t \ (2.18) 
we have Jtf = ££B. In particular the operator : H — > C(0, T; H) is bounded. 

2.4. Fundamentals on OU Bridge. In the present subsection we give the definition and 
some basic properties of the OU Bridge. 

Since V t * = Q t S^_ t Q T is bounded, the operator K t is of Hilbert-Schmidt type on H 
for each t G [0, T). Also, JT : H -> L 2 (0, T; H) is Hilbert-Schmidt. 

Note that if K t is defined by (2.18) then, in view of Lemma 2.2, the measurable function 
K t Q T is well defined for each t G [0, Tj. We will start from the definition of the process 
(Zt), 

Z t = Z t - K t Q~ 1/2 Z T , te[0,l), and Z x = 0. 



Proposition 2.11. (a) An H-valued Gaussian process yZtj is independent of Zt- 
(b ) The covariance operator Q t of Z t is given by 

Qt = Q] /2 (I - V t *V t ) Q 1 / 2 . (2.19) 



(c) The process (ZtJ is mean-square continuous on [0, T\. 

(d) If, moreover, one of the equivalent conditions (a)-(c) of Lemma 2.8 holds then 

im [q]' 2 ) = im (q]' 2 ) , t G (0,T). (2.20) 

Proof. Theorem 2.4 yields immediately (a) since Z t = Z t — K(Z t \Zj<). Invoking (c) of 
Theorem 2.4 with C x = Qt, C y = Qt and T* = K t and (2.18) we obtain 

Qt = Qt - K t K* t = Q 1 / 2 (I - V*V t ) Q 1 / 2 , t < T. 



Using (2.11) we find easily that 
To prove that 



limtr [Qt] = 0. (2.21) 



limtr [Qt] = 0, (2.22) 



we note first that 

tr (4) = tr ((/ - V t *V t ) (Q t - Q T )) + tr ((/ - V t *V t ) Q T ) . 
Next, it is easy to see that 

< limtr ((/ - V*V t ) (Qt ~ Qt)) ^ Jim tr (Q T - Q t ) = 0. (2.23) 

Finally, 

tr ((/ - V t *V t ) Q T ) = tr (Q T ) - tr (V t Q T V t *) 



tr (Qt)- juQ^Vpe* 



k=l 



where {e^ : k ^ 1} is a CONS in H. Therefore, 

\imti((I -V t *V t )Q T ) = (2.24) 



by Lemma 2.7 and the Dominated Convergence Theorem. Combining (2.23) and (2.24) we 
obtain (2.22) and, consequently, (c). Part (d) follows immediately from Lemma 2.8 and 
(2.19). □ 

Proposition 2.12. The conditional distribution of the process (Z*) in the space H 2 = 
L 2 (0,T;H) given Z T is N(X,Q), where 

X(t) = S t x + K t Q- 1/2 Z T , (2.25) 



Q = Q-jrjr*, (2.26) 
where Q is the covariance operator of the process (Zf) in H 2 , Q : H — > H 2 , 



[Qy](t)= f R(t,s)y(s)ds, y e H 2 , 
Jo 



and 

R(t, s)z= [ S t - r QS*_ r zdr, z <E H, O^s^t^T, 
Jo 

and Jtf : H — > Hi is defined in (2.17). 
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Proof. We use Theorem 2.4 with Hi = H,H 2 = L 2 (0, T;H),X = Zf, Y = (Zf), C x = Q T , 
and Cy = Q- By the definition of the covariance Cxy, 

(C XY k,h) 

L 2 (0,T;H) ~ ^ k^Ti ^) 1 ^)l 2 (0,T,H) ' k & Hi, Jl E H 2 , 



it is easy to compute [CxYk\(t) = Q t S T _ t k, t G [0, Tj. Hence we have T* = CxyC x = 
and T : H 2 —> Hi, Ty = Jf*y = K* t y(t)dt. By Theorem 2.4 we have that 

Q = C Y - T*T = Q- XX\ 

and 

A(t) = E(Zf \Z$) = E(S t x + Z t \Zpj = E(S t x + Z t + K t Q; 1/2 Z T \Z T ) 

— 1/2 * 

which yields A(£) = Stcc + K t Q T Zt, because Z t and are stochastically independent, 
hence (2.25) and (2.26) hold true. □ 

Recall that [ir denotes the probability law of Zt on H. 

Proposition 2.13. There exists a Borel subspace ^# C H such that /j,t(^C) = 1 and for 
all x G H and y G Stx + ^ the H -valued Gaussian process 

Z x t ' v = Zt - JfQ' 1 ' 2 (Z T - y) , (2.27) 
is well defined with paths in L 2 (0,T; H) and 

Zf y = S t x - JfQ~ 1/2 (S T x - y) + Z t , F-a.s. (2.28) 

— 1/2 

Proof. By Lemma 2.2 we can choose a measurable linear space ^ such that JffQ T 
is linear on jM and /Mr (^#) = 1. Therefore, J^fQ^ 1 ^ 2 (Z T — y) is well defined for any 
y G S T x + Jt and (2.28) holds. □ 

Theorem 2.14. Let $ : L 2 (0, T; H) -> E 6e a Borel mapping such that 

E\®{Z X )\ < oo. 

TTien 

E ( $ (Z x ) | Z£ = y) = E$ , /4 - a.e. (2.29) 

where the left-hand side of (2.29) is defined as a function gq, = g$(y) G L l (H, n T ) such 
thatE($(Z x )\Z T ) = g<s,{Z T ) F-a.s. 

Proof. We have to show that 

E(<S>(Z X )\Z%) =E($(i**))|^ =v P-a.s. 

By Proposition 2.12 we have 

E{^>{Z X )\Z X ) = [ <S>(z)N(\,Q)(dz) F-a.s., (2.30) 

where A and Q are defined by (2.25) and (2.26), respectively. On the other hand, the 
covariance operator Q of the process Z x,v in H 2 is by (2.28) the same as the one of Z t . 



11 

— 1/2 

Since Z t = Z t + K t Q T Z? and the summands on the right-hand side are independent 
random variables, we obtain Q = Q + J^J^*, that is, Q = Q. Also, we have 

EZf' y = S t x - JtTQ~ 1/2 (S T x - y), 

and therefore 

E{${Z*»))\ z * =y = [ <b(z)N(S t x-K t Q- l l 2 (S T x-y),Q)(dz)\ z * =y = [ <S>(z)N(\,Q)(dz) 

P — a.s., which together with (2.30) concludes the proof. □ 

Definition 2.15. Given x, y G H and an H-valued OU process (Zf), a process (Zf' y ) 
satisfying (2.29) is called an Ornstein- Uhlenbeck Bridge (connecting points x at time t = 
and y at time t = T). The probability law of the process (Zf ,y ) in the space L 2 (0,T; H) 
will be denoted by fi x ' y . 

Thus we have shown that the OU Bridge may be written in the form (2.27) or (2.28) and 
its probability law fi x > y is N(-y,Q) where = E[\(t)\Z* = y] = S t x - K t Q~ 1/2 {S T x - y) 
— a.e. 

The following Theorem has been proved in [11] : 

Theorem 2.16. Let <§ be a Banach space such that = 1. Then pp' v ($) = 1 for 

y E Jt . 

3. SDE ASSOCIATED TO THE OU BRIDGE 

In the sequel we will need the following 
Hypothesis 3.1. For any t > 

im (S t Q 1 ' 2 ) C im (q) 12 ^ . (3.1) 
Remark 3.2. Condition (3.1) is satisfied in some important cases. 

(a) If the process {Zf) is strong Feller then im(St) C im {^J^j and therefore (3.1) holds. 

(b) Let H Q = Q 1/2 {H) be endowed with the norm \x\q = \Q 1 / 2 x|, where Q is assumed 
to be nondegenerate. Assume that S t Hq C Hq for allt ^ and (St) restricted to Hq is a 

1 /2 

Co-semigroup. It was proved in [10] that in this case St(H) C Q t (H) for all t > and 
there exists c > such that 

1/2 1/9 . C 



or 1/2 s«c? 1/2 



t >0. 



Assume additionally that the process (Zf ) admits a Gaussian invariant measure v. Then, 
cf. [10], (St) is a Co-semigroup on Hq if the transition semigroup of the process (Zf) is 
analytic on L 2 (H, v), in particular this holds for a symmetric Ornstein-Uhlenbeck process. 
Explicit conditions for the analyticity and symmetry of the transition semigroup of the 
process (Zf) in L 2 (H, is) may be found in [10] and [6]. 



12 B. GOLDYS AND B. MASLOWSKI 

Lemma 3.3. Assume that Hypothesis 3.1 holds. Then the function 

-1/2 



Q; 1/2 S t Q^h 



is nonincreasing on (0, oo) for each h G H . 
Proof. By Lemma 2.7 we have 



< l. 



(3.2) 



By assumption the operator Q t+S St+sQ 1 / 2 is well defined and bounded and S s Q 1 / 2 h G 
lm (Ql /2 \ Therefore, by (3.2) 

Q;U 2 s s+ tQ 1/2 h\ = \Q;U 2 s t Q\ l2 Q: ll2 s s Q^h 

^\Q- s 1/2 S s Q^h\, 



and (b) follows. 
Let 



□ 



Y u = \ S T ^ s Q 1/2 dW s , u<:T. 

J u 



Since the operator-valued function t — > Q t is continuous in the weak operator topology and 
all the operators Q t are compact for t > 0, there exists a measurable choice of eigenvectors 
{efc(t) : k ^ 1} and eigenvalues {A&(t) : k ^ 1}. For each n^lwe define a process 



1 



(y n ,e fc (T- M ))i^e fc (T- U ), 



fc=1 y/X k (T-u) 
where F u = Q^S^Q 1 / 2 . 

Lemma 3.4. There exists a measurable stochastic process (X u ) defined on [0,T) such that 
for each a < T 

lim E / \XZ-X u \ 2 du = 0. 
and for each h G H and a < T the series 



(3.3) 



u 



(Y u , e k (T - u)) (e k (T - u), F u h) 



(3.4) 



converges in L 2 (0, a) in mean square. Moreover, if0^u^v<T then for all h,k G H 

E (X u , h) (X v , k) = (F u h, Q^Q^F^ , (3.5) 

where the operator Q^-uQt-v ^ s bounded. 
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Proof. For u ^ v 

E (Y u , h) (Y v , k) = (Q T _ v h, k) , h,k € H. (3.6) 

Therefore 

n 

E(X:-X™,h) 2 = £ YTt ^(Y u ,e k (T-u)) 2 (e k (T-u),F u h) 2 



= V {e k (T-u),F u h} 2 — 0, (3.7) 

* * n,m— »oo 
j=m+l 

hence the process 

oo 

(X u , h)=J2 , = = (F u , e fc (T - u)) (e fc (T - F u fc) = (<2^{% F u h) 
^^/XkiT-u) \ I 

is well defined for each h G H and u < T. For it, i> such that < u ^ v < T we have 

im (g^\) C im (q^ u ) . (3.8) 

Let P n is an orthogonal projection on lin {e k {T — v) : k ^ n} and F£ = P n F u . Then 
Qt-u^u i s bounded on H. Let 

By (3.6) 

E fc) = (Qr^Q^F^h, Q^F^k) 

= (FuK Qt-uQt-vK^) ■ 

By (3.8) the operator Q^IuQt-v ls bounded and therefore 

E (Qt'JuYu, F u h) (Qt^Y v , F v k) = lim E h) (Xf, k) 



It follows from (3.5) that 



F u h, Qrp_ u Qj'_ v F v k 



E(X u ,h) 2 = \F u h\ 2 , 



and by Lemma 3.3 we obtain for u ^ a 

E(X:,h) 2 ^E(X u ,h) 2 ^ \h\ 2 \\F T _ a \\ 2 . 
Then (3.7) and the Dominated Convergence Theorem yield 

lim / sup E(X" -X™,h) 2 du = 0. 

n,m-^ooJ Q 

As a consequence we find that (3.3) holds for any a G (0,T). □ 
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By Lemma 3.3 a cylindrical process 



I t = f F:Q-^Y u du 
J o 



is well defined, that is for any h G H the real-valued process 



(It,h) = 

is well defined for all t < T. 
Lemma 3.5. The cylindrical process 

Q = w t - 



o 



Q T -u Y u, F u h)du 



F:Q-^Y u du, t^T, 



is a standard cylindrical Wiener process on H. 

The proof of this Lemma is omitted; it is a word by word repetition of the proof of 
Lemma 4.7 in [11] if we use Lemmas 3.3 and 3.4 above. 



Theorem 3.6. For all t < T 

E 

and 



t a 2 



ds < oo, 



Z t = - [ St-sQ^KQT-sSr-sZsds + [ S t . s Q 1/2 d( s 
Jo Jo 



F-a.s. 



(3.9) 



(3.10) 



Proof. We will show first that the operator Q T ]/ 2 St- s QsS t _ s Q t ]/ 2 * s bounded. Let h, k e 
H . Then by Proposition 2.11 and (2.10) we obtain 



S T _ s Q s S T _ s h,kj = (S T ^ s Q s S T _ s h,k) - {S T „ s Q l J 2 V:V s Q l J 2 S* T _ s Kk) 

= ((Qt — Qt-s) h, k) — (q t 1 ^ 2 Sr-sQsS^^sh, Q T 1 ^ 2 ' ST- s QsS T _ s k 
= ((Qt - Qt-s) h, k) - (q~ 1/2 (Q t - Q T „ S ) h, Q~ 1/2 (Q T - Q T „ S ) k 

= ((Qt - Qt-.) h, k) — ((Qt — Qt-s) Qt (Qt - Qt-s) K k) 
= ((Qt~ Qt-s) h, k) -((Q T - Qt-s) (/ - Q t 1 Qt-s) h, k) 

= ({Qt-s - Qt-sQt 1 Qt-s) h, k) = (q x ^_ 8 (i - Q t /2 s QtQt-s) Q X t- s K k 

Since the operator Qt-sQt^Qt-s * s bounded for s < T we find that the operator 

T s = Qt-s St-sQsSt_ s Q t J s = I — Qt-sQt Qt-s 

is bounded as well . Therefore, for s ^ T — e Lemma 3.3 and (3.11) yield 



(3.11) 



E 



St-sQ 1 ^ 2 F* (q t ]/ s 2 St-sZ, 
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S t ^ s Q ll2 F: (q^IsSt-sQ]' 2 ) 2 < \\St-sQ 1/2 \\ 2 HS \\F s f \\T^ 

\ / US 

2 



which completes the proof of (3.9). As a byproduct of the argument given above we proved 



— 1/2 

also that the process Q T _ S St- s Z s is well defined for all s ^ T. Now, we are ready to prove 

Z t = Z t - K t Q T 1/2 Z T 



(3.10). By Lemma 3.5 we have 



and since 
we find that 



= f S t ^ s Q 1/2 d( s + f S t ^ s Q 1/2 F:Q~l /2 Y s ds - K t Q- 1/2 Z T , 
Jo Jo 

Y s = Zt — St- s Z s = Zt — St-sKsQj 1 ^ 2 Zj> — St- s Z s , 

Z t = f StsQWdC- f S^ a Q x > 2 F* a Q^Sr-sZ a d8 
Jo Jo 

+ J StsQ^FtQ- 1 !? (Z T - S T - S K S Q T 1/2 Z T ) ds - K t Q- 1/2 Z 



It remains to show that 
't 



J St.sQ^F*^- 1 ! 2 [Z T - S T - S K S Q T 1/2 Z T ) ds - K t Q' 1/2 Z T = 0. (3.12) 



To this end note first that 



and 



K t Q- 1/2 Z T = (J S t ^Q 1/2 F:ds^j Q? 1/2 Z T , 

S T - t K t Q- 1/2 Z T = Qf S T - s QV 2 F:ds) Q~ 1/2 Z T 
— (Qt ~ Qr-t) Q T l Z T = Z T — Qr-tQx 1 Zt, 

and thereby 

Zt — ST-tKtQrp 1 ^ 2 Zt = Qt-iQ^Zt- 
Finally, (3.14) and the definition of F* give 

J StsQ^F^T 1 ! 2 [Z T - S T - S K S Q- 1/2 Z T ) ds 

= jf St-.Q 1/2 KQT-?QT-.Qt L Zrds = n S^Q^F^s) Q~ 1/2 Z 
and (3.12) follows from (3.13). 



(3.13) 



(3.14) 



□ 

We will consider now the general case of the bridge ^Z^ ,y ^j connecting points x G H 

and y. We will impose the stronger condition (2.14) which is now formulated as a separate 
hypothesis: 
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Hypothesis 3.7. For any t G (0,T] 



im(gv 2 



im ( Q l r/, 2 



1 /2 

For y E Hi :— im(Q T ) we define 

Ny(t) = f St-sQ^Q-^yds, t^T-e. 
Jo 

Theorem 3.8. Assume that Hypotheses 3.1 and 3.7 hold. Then the following holds. 

(a) The operator N : H\ — ► L 2 (0, T — e; H) is Hilbert- Schmidt. 

(b ) For any x G H and y G ^# 

Z? v = S t x- f S t ^ s Q l l 2 F:Q- l ^S T ^Z^ds+ f StsQ^dC 
Jo Jo 

+ / St-sQ^KQ^yda. 
Jo 

Proof. Recall that by Lemma 2.10 (b) we have J?T = J^B, hence for z G ^# 

K t Q~ 1/2 z= [ S t „ s Q 1/2 B s Q~ 1/2 zds. 
Jo 



(3.15) 



(3.16) 



Next, for s ^ T — e 



sup 

s<T-t 



Qt-s Qt 



< oo, 



and invoking Lemma 3.3 we find that 



NQ 1 ! 2 


2 


HS 


/ nT 




I) s 






< || -Ft- 


i|2 
-e|| 



f f StsQ^FZQ-^Q^ds 
Jo Jo 

S s Q 1/2 \\ q ds 



dt 



T-e 2 
rp*/^)— 1/2/^)1/2 







HS 1 

ds 



q: 1/2 q 1/2 



T 



\S s Q 1/2 \\ 2 HS ds) < 



oo. 



Therefore, the measurable function 



f S t „ s Q l ' 2 F:Q- l ' 2 yds, 
Jo 

is well defined. We are ready now for the proof of (3.15). Let x,y G im ^Qt' 2 )- Then 
Hypothesis 3.7 yields Stx G im ^Q^ 2 ^, hence y G By (2.28) we have 

Z*' y = Z t + S t x - K t Q^ 1/2 (S T x - y) , 

and Theorem 3.6 yields 

Zt' y = S t x - K t Q^ 1/2 S T x + K t Q^ l/2 y 
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- / ' S t - 3 Q 1 ' 2 F;Q- 1 J?S T - a Z a ds+ fstsQ^dC. 
Jo Jo 

= S t x - K t Q^, 1/2 S T x + K t Q^ 1/2 y 
- J* St- a Q 1,2 KQT-sST-s (Zs' V - S s x + K s Q- 1/2 S T x - K s Q~ 1/2 y^ ds + J* S^Q^dC 

= -K t Q- 1/2 S T x + J St-sQ 1,2 KQT-sSr-s (& - K S Q~ 1/2 S T ) xds 

+K t Q~ 1/2 y + f S^ a Q 1 ' 2 F:Q- 1 JZS T -.K a Q- 1/2 yds 
Jo 

+S t x- [ S t . s Q 1/2 F:Q^ 2 S T . s Z^ds+ [ S t - s Q 1/2 d( s 
Jo Jo 

=: H t x + G t y + S t x - [ S t . s Q 1/2 F:Q^S T - s Z^ds+ [ S t . s Q 1/2 d( s . (3.17) 

Jo Jo 
We will show first that ^ 

G t y = [ St-sQ 1/2 KQT-syds- (3-18) 
Jo 

For y G im (cjf) 

S T -tK t y = / St-aQS^-aQr yds = / S T - s QST_ s QT 1/2 yds 
Jo Jo 

= (Q T -Q T ~t)Q T 1/2 y, (3.19) 



and therefore 



F* s Q- x l 2 S T -sK s y = FtQ^qjfy - FlQ^QT^y 



= FlQ-^Q^y - Q l l 2 S* T _ s Q- 1/2 y. 
Hence, taking Lemma 2.10 (b) into account we find that 

G t y = KtQr 1/2 y + f S^Q^F^Q' 1 ! 2 S T . s K s Q~ 1/2 yds 
Jo 

= K t Q~ 1/2 y + f St-sQ^FZQ-WydB - K t Q~ 1/2 y, 
Jo 

and (3.18) follows. Next, we claim that for x G im (q? 2 ^ 

H t x = 0. (3.20) 

Indeed, using (3.19) we obtain 

H t x = -K t Q~ 1/2 S T x + J St-sQ^F^Q-^Sr-s (s s - K s Q~ l/2 S T ^ xds 
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= -K t Q~ 1/2 x + f S t ^ s Q 1/2 F:Q- l J*S T xds - [ S t . s Q ll2 F:Q- l ^S T . s K s Q- 1,2 S T xds 
Jo Jo 

= -K t Q~ l/2 x + / S t - S Q 1/2 F* Qt 1 ! 2 S T xds 
Jo 

- f St-sQ^FtQ' 1 ! 2 (Q T - Q T ^ t ) Q- 1/2 S T xds = 0, 
Jo 

which yields (3.20) for x G im (q^ 2 ^ and therefore for all x G H. Finally, combining 
(3.17), (3.18) and (3.20) we obtain (3.15). □ 

Corollary 3.9. Assume Hypotheses 3.1 and 3.7. Then for each t <T, and h G dom (A*) 
and all x G H and y G 

(z?' y , = (x, h)+J o (zf\ A*h>) ds- J (fSQ-WSt-sZ**, Q 1/2 h) ds 

+ J (kQt-sVi Q 1/2h ) ds + (Ct, Q 1/2 h) ■ 

Proof. On any interval [0, To] with Tq < T and for any y G ^ the functions 

s^Q^F^Q-^St-sZ^ and s Q 1,2 KQt-sV 

are P-a.s. Bochner integrable by Theorem 3.8 and therefore standard results about the 
equivalence of weak and strong solutions of deterministic and stochastic evolution equations 
can be applied to prove the corollary, see for example [1] for deterministic and [2], [19] for 
stochastic versions. □ 



4. Applications to Semilinear Equations 

In this Section, transition densities and Markov semigroups defined by semilinear sto- 
chastic equations are studied using the OU Bridge. Throughout the Section we assume 
(beside (2.5)) that the OU process {Zf) is strongly Feller, that is, the condition 

im(S t ) Cim(Q t 1/2 ), ie(0,T), (4.1) 

is satisfied. Note that (4.1) trivially implies the preceding Hypotheses 3.1 and 3.7 (or 
(2.14)). Let ||.||wir) denote the space of probability measures on the Borel sets of H 
endowed with the metric of total variation. We start from a simple proposition where some 
continuity properties of the OU Bridge are given. 

Proposition 4.1. (a) For each t G (0, T), y G where ^ has been defined in Proposition 
2.13, the mappings 

x^Z?' y {u), H^H, (4.2) 



x^Z x ' y (u), H -> L 2 (0,T;H), 



(4.3) 



1!) 



are continuous for F-almost all u G Vt, and the mapping 



H 



; || - II V ar J ; 



(4.4) 



is continuous. 



f&j 7/j moreover, for each t G (0,T) we /lave K t Q T G Jtf(H,H), where H is a separable 
Banach space continuously embedded into H , then the mapping y > Z^ ,y {u) is H — >• H P- 
a.s. continuous. Similarly, if 



XQ~ T Xj2 G ^(H,L 2 (0,T;H)) (4.5) 
t/ien D and t/ie mapping y i— > Z x > y (uS) is P-a.s. if — > L 2 (0,T; if)) continuous. 

1 /2 

Proof, (a) By (4.1) we have that Sr£ G im(Q T ) for each x E H and hence S^x G 
by construction of hence y G Furthermore, (4.1) implies that the mappings 

JtTQ- 1/2 S T and K t Q~ 1/2 S T , t G (0,T], are in ^(H, L 2 (0,T; H)) and JS?(#), respectively, 
and (4.2) and (4.3) follow by (2.28). To show (4.4) we recall Proposition 2.11 and Lemma 
2.8 , by which we have im(Q]/ 2 ) = imlQ^ 2 ). Hence the measures (fi^ y ),x G H, are 
equivalent and 



d\i 



dm 



O.y 



[z) = exp 



Qt 1,2 S t x 



Indeed, by the Cameron-Martin formula we have 



exp 



Qt m 



Q T l l 2 Stx 



Q< 1/2 ^,Qt 1/2 ^ 



(4.6) 



V2„ 



^ ^2 2 /2 

where m = Q t (I — V t *V t ) Q t S t x. Then using (2.19) we get (4.6) and the assertion 
easily follows. 

The proof of part (b) is completely analogous. □ 
Remark 4.2. (a) The equivalent form of the density (4.6) is 



ifj y (t, x, z) = exp 



(i-v;v t ) 1/2 Q; 1/2 s t x 



Qt 1/2 X Q t 1/2 S t x 



(b) Note that the OU Bridge {Z^' y ) satisfies the SDE (3.15) which defines an (inhomoge- 
neous) Markov process on the interval (0,T). By (4.4) this process is strongly Feller. 



Now consider a stochastic semilinear evolution equation of the form 

dX t = AX t dt + F(X t )dt + y/QdWt, X = x G H (4.7) 

where A, Wt and Q are as before and F : H — > H is a nonlinear continuous mapping. 
Suppose that im(F) C im(Q 1 / 2 ) and set G := Q~ l/2 F. 

Hypothesis 4.3. The mapping G : H — > H is bounded and continuous. 
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Now we formulate technical assumptions on the linear part of the equation. For simplicity 
of presentation, it is stated in the form that is verifiable in examples and includes all 
assumptions made previously in the paper. 

Hypothesis 4.4. Assume either 

(i) dimH < oo or 

(ii) There exist a e (0, 1) and (3 < -4p such that 

rp 

[ ° t~ a \\S t Q 1/2 \\ 2 HS dt < oo and 
Jo 



\\Q; 1/2 St\\<jp, te(o,r ), 



for some c > and Tq > 0. 



Conditions from (ii) are often used in the theory of stochastic equations and have been 
widely studied (cf. [7] or [11], see also the Example below). Note that Hypothesis 4.4 (ii) 
implies all previous assumptions made in the paper on the linear part of the equation (4.7) 
(i.e., all except for Hypothesis 4.3). 

It is well known (see e.g. [19] ) that under Hypotheses 4.3 and 4.4 the equation (4.7) 
defines an if-valued Markov process induced by the mild formula 



X t = S t x+ [ S t „ r F(X r )dr+ [ S t ^ r ^/QdW r , t^O, (4.8) 
Jo Jo 



where W t is a standard cylindrical Wiener process on H defined on a suitable probability 
space. 

Finally, we assume that the OU process defined by the linear equation (1.1) has an invariant 
measure v that will be used as a reference measure. This is equivalent to the condition 

sup tr(Q t ) < oo. (4.9) 

t>o 

If (4.9) holds then v is a centered Gaussian measure with the covariance operator 

/■oo 

Qoo= / S t QS* t dt. 
Jo 

Moreover, it has been shown in [4] that S t Q l J?(H) C Q l J?(H) and the family of operators 

So(t) = Q£ /2 S t QV 2 , t^O, 

defines a Co-semigroup of contractions on H. Moreover, if part (ii) of Hypothesis 4.4 holds 
then ||So(t)|| < 1 for all t > 0. 

Denote by (P t ) the transition Markov semigroup defined by the equation (4.7) and set 

P(t, x, T) = P t l T (x), x G H, t > 

and T Borel sets in H, and 

\ P{t,x,dy) 

d[t,x,y) = — — — . 

v[dy) 
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It is standard to see that the density d exists, because Girsanov Theorem may be used to 
show the equivalence of measures P(t,x,dy) ~ and ^ ~ v by (4.1) (see e.g. [11]). 

Theorem 4.5. Let Hypotheses 4-3, 4-4 an d (4-9) be satisfied and letT>0 be fixed. Then 
for v-almost all y e H the mapping x \— > d(T, x, y) is continuous on H. 

Theorem 4.6. Let Hypotheses 4-3, 4-4 an d (4-9) be satisfied. Then for p > 1, T > 0, we 

have 

P T (U>(H,v))<zV{H), 

that is, the semigroup (Pt) maps the space L P (H, v) into the space of continuous functions 
on H . 

For p, q > 1 we introduce the notation 

\\Pt\\ P , q = U (^J H d p \t,x, V )v{dy)j /P u(dx 
where p' = -^r. Note that H-RlLo is a Hilbert-Schmidt norm of P*. Moreover, if ||PtlL„ < 

r p—l II 1-112,2 <• ' II L "P,q 

oo then the operator P t : L p (H,u) — > L q (H,u) is compact. Under assumptions more 
general than ours necessary and sufficient conditions were given in [3] for boundedness of the 
operator P t : L P (H, v) — > L q (H, v). In the theorem below we use different arguments based 
on the formula for transition densities to show that a stronger property holds: \\Pt\\ p „ < oo. 

Theorem 4.7. Let Hypotheses 4-3, 4-4 an d (4-9) be satisfied. Then for any fixed T > 
and q > satisfying 

p-1 
q<l + — k 

iisoonii 2 

we have ||Pr|| pg < oo. In particular, the operator P? : L p (H,is) — > L q (H, v) is q-summing 
and Pt is Hilbert-Schmidt in the space L 2 (H, v). 

By the above mentioned equivalence of probabilities we may write 

d ( T , x, y) = P(T ' X ' dy) ■ ^ dy) ■ VMM (410) 
fi T (dy) fi T (dy) u(dy) 

= :h(T,x,y)-g(T,x,y)-k(T,y), (4.11) 
where k does not depend on x, g is given by the Cameron-Martin formula 



g(T,x,y)=exp{(x,S T Q T: 1/z Q T 1/z y)--\Q- L/z S T x\ 2 } (4.12) 



1 



-1/2^-1/2 \ 1 1/^-1/2 c |2 

- Q T y) - ^\Qt s tA 

for ^-almost all y G H, and h may be expressed by means of the OU Bridge [Z x 



h{T,x,y) = Eexp{p(Z^) - J (g(%' v ), Bi(s)Z s + B 2 {s)x - B z {s)y) ds} (4.13) 
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(cf.[ll], Theorem 5.2), where 



p(z^) = £ (G{z* a >%dw a ) -\ jT \G(z*>y)\ 2 ds 

and 

Bi{s) = {Qt 1 !sSt^Q 1,2 TQt 1 'sSt^ 
B 2 (s) = (Qt 1/2 St^sQ 1/2 TQt 1/2 St, 

B 3 (s) y = (Qr 1/2 s T ^Q 1/2 rQT 1/2 y, y e ™ (q¥) ■ 

From Lemma 2.10 it follows that 

pT 

/ \B 2 {s)x\ 2 ds = \Q~ 1/2 S T x\ 2 , xeH, (4.14) 
Jo 

and by [11], Proposition 4.9, we have that 



E / \B 1 {s)Z t \ds < oo (4.15) 
Jo 

and 

/ \B 3 (s)y\ds < oo (4.16) 
Jo 

for v- almost all y G ^# (with no loss of generality we may assume that (4.16) holds for all 
y G u(^) = 1). The proofs of Theorems 4.5, 4.6 and 4.7 are based on the following 
technical lemma: 

Lemma 4.8. Given T > and q G [0, oo), there exists a constant k q > such that 

h q (T, x,y): = Eexp{q{p{Z x > y ) - [ (g(Z^), B 1 (s)Z s + B 2 {s)x - B 3 (s)y) ds)} 

J° (4-17) 

^ k q exp{k q (\x\ + / \B 3 (s)y\ds)} 
Jo 

for all x G H and y G ^ , in particular, 

h(t,x,y) < A;iexp{A;i(|2;| + / |5 3 (s)y|ds)}. 

Jo 

Proof. By the Cauchy inequality we have 

/» g (T,x,y) *C (Eexp{2 ? p(Z^}) 1/2 (4.18) 

x(Eexp{2g(^ | + £ 2 (s)x - B 3 (s)y} {ds)}) 1 / 2 

and since the process s h- > G(Z* ,y ) is bounded the first expectation on the right-hand side 
of (4.18) is bounded (uniformly w.r.t. x and y). By (4.14) and (4.16) we thus have 

h q {T,x,y) < C g (Eexp{C 9 / (|£i(s)Z s | + \B 2 {s)x\ + ^(s^Dds}) 1 / 2 (4.19) 

■/ o 
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T pT 



^C q exp{C q (\Q; 1/2 S T x\+ [ \B 3 (s)y\ds)}(Eexp{C q [ \By{s)Z s \ds}f/ 2 

Jo Jo 

for some C q , C q , and (4.17) follows by (4.15) and the Fernique inequality. □ 

Proof of Theorem 4-5. Without loss of generality (dropping, if necessary, a set of ^-measure 
zero) we may suppose that g(T,x,y) and k(T,y) are defined for all y G ^ . By (4.12) we 
have that the mapping x i— > g(T, x,y)k(T,y) is continuous, so we only have to prove 
continuity of the mapping x h- > h(T,x,y), y G T > 0. Let x n — > xo in H. First we 
show (possibly, for a subsequence) that 

lim exp{p(Z^) - [ (G{Z*">y),B 1 ( S )Z s + B 2 {s)x n -B 3 { S )y)ds} (4.20) 

= exp{p(Z X °' V ) - £ (g{Z*™),B x {s)Z s + B 2 (s)x - B 3 (s)y) ds} 
P-a.s. We have 

J (^G(Z^ y ),B 1 {s)Z s + B 2 {s)x n - B z {s)y) - J (G(^ v ),B 1 (s)Z a + B 2 (s)x - B 3 (s)y 

^ [ T \G{Z X S ^) - G{ZT' y )\{\Bi{s)Z s \ + \B 2 {s)x \ + \B 3 (s)y\)ds 
Jo 



+ 



T 



G(Z^y)\-\B 2 (s)(x n -x ) 



ds, 

(4.21) 

which tends to zero by continuity and boundedness of G, (4.14) and Dominated Conver- 
gence Theorem. Also, we have 

E\p(Z Xn ' y ) - p(Z X0 > y )\ ^c((eJ^ \G{Z x s n ' y ) - G(Z X0 ' y )\ 2 ds 

+E \G{Z x ^ y ) - G{Z x ^ y )\ 2 ds 

which again tends to zero by Dominated Convergence Theorem, so there is a subsequence 
converging P-a.s. Taking into account (4.21) we obtain (4.20). By (4.17) (used, for instance, 
with q = 2) the random variables on the left-hand side of (4.20) are integrable uniformly 
in n, hence the convergence in (4.20) holds also in the space L x (f2) and, consequently, we 
obtain h(T,x n ,y) — > h(T,xo,y). Since we may choose a subsequence with this property 
from an arbitrary sequence x n — > xq, the convergence takes place for the whole sequence. 

Proof of Theorem 4-6. Let T > 0, <fi G L P (H, v) and x n — > xq in H. Then 



\P T (p(x n ) - P T (j)(xo)\ ^ / \<f>(y)\\d(T,x n ) - d(T,x ,y)\u(dy) 

Jh 

^(/ \mv) 1/p {l \d(T,x n ,y)-d(T,x ,y)fv(dy)) 1 / p ', 



H J H 



ds 
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so by Theorem 4.5 it suffices to show that 



/ {d{T,x n ,y)yu{dy)<c q , gG(l,oo), (4.22) 
Jh 



where c q does not depend on n. The same property (uniform boundedness in arbitrary 
L q (H,u)) has been shown for Gaussian densities g(T,x n ,-) and k(T,-) in [5], so we only 
have to show (4.22) where d(T,x n ,y) is replaced by h(T,x n ,y). However, by Lemma 4.8 
and Holder inequality we have 

(h{T,x n ,y)yu(dy)^ [ h q (T,x n ,y)v(dy) (4.23) 



^ k q exp{k q \x n \} / exp{ / \B 3 (s)y\ds}u(dy) < c q 
Jh Jo 

where c q does not depend on n, since the sequence x n is obviously bounded and 



exp{ / \B 3 (s)y\ds}u(dy) < oo 

H Jo 



by (4.16), (4.1) and the Fernique inequality. 

Proof of Theorem 4-7. We can rewrite (4.10) in the form 

d(T, x, Y) = h(T, x, y)H(T, x, y), 

where 

v(dy) 

Invoking the Holder inequality we obtain 

\\PT<P\\l q = J h (J H hH<j>v{dy) \ v{dx) 

W / r \ 1 /p x q 



= \miJ H ^J H ^'H^(dy)y\(dx). 



It remains to show that 

\ q/p' 



K = J (J h p 'H p 'u(dy)^j P v(dx)<oo. (4.25) 



Indeed, using successively the Holder equality we obtain for any r > 1 

\ q/p'r' / p \ q/p'r 



r / r \Q/P r /r \Q/pr 

K < / I / KP' r 'v(dy) J I / H p ' r u(dy) J u(dx) 

% rr V /p ' H \ 1/r '/r / Wp> \V' (426) 

Jh Uh hP ' r ' u{dy) ) u{dx) ) (J H r P ' V ^)J u ( dx n 
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It was shown in [5] that 
for any a,b ^ 1, such that 
Putting 



J (H a 'v(dy)} ba u(dx) < oo, (4.27) 

a — 1 , „ 

b^l + 7 . 4.28 

\\S (T)\\ 2 



and b = qr, 



p'r — 1 

we find that there exists r > 1 such that (4.28) holds. Therefore, for such an r 

J (H p ' r v(dy)y' P v{dx) = J (H a ' v(dy)) bla u(dx) < oo. (4.29) 
Next, we need to show that 

\ i/p' 

h p ' r 'u(dy) v{dx) < oo. (4.30) 



' H \JH 

To prove (4.30) we note that if 4 ^ 1 then 



\ i/p' r r 

h p ' r 'v(dy) v{dx) < h r ' q u(dy)u(dx) 

H \Jh J JH JH 



However, using Lemma 4.8 for q = r'q we have 




(h(T,x,y)) q u(dx)u(dy) ^ / / hg(T,x,y)u(dx)u(dy) 

'HJH JhJH 

^ kgexp{kg(\x\ + / \B 3 (s)y\ds)}u(dx)u(dy) 

Jh Jh Jo 

^ kg exp{kg\x\}v(dx) / exp{kg / \B 3 (s)y\ds)}u(dy) 
Jh Jh Jo 

= kgEe k ^ 1 ■ Eexp{kg [ \B 3 (s)Z\ds} 

Jo 

where Z is an arbitrary random variable with probability distribution v. By (4.16), (4.1) 
and the Fernique inequality we conclude that (4.30) holds true. The proof of (4.30) for the 
case when ^ < 1 is even simpler and is omitted. 

Remark 4.9. There is a natural question whether the transition density is regular (continu- 
ous) "in y" , that is, whether the mapping y i— > d(T, x, y) is continuous, at least on a certain 
subspace H C H) of full measure. In the Gaussian case the formulas for the density may 

be used to conclude that if S^Q^ 1 G Jf(H,H) then y — > g(T,x,y) is continuous on H 
for all T > and x G H (cf. the Cameron-Martin formula (4.12)). A similar well-known 
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formula for k(T,y) (see e.g. [5]) yields H — > H continuity of the mapping y i— > k(T,y) 
provided 



C(T) := Q^ 1/2 (I - S , o(T)5 *(T))- 1 > So(T) ( S *(T)Q- 1/2 G if) (4.31) 

where S (T) = QZo^ 2 StQoo 2 ■ Following the proof of Theorem 4.5 we can easily see that the 
remaining factor, the function h(T, x, y) is continuous in y G if if the mapping y Z x 



x,y 

t 



is if —> if a.s. continuous (which by Proposition 4.1 (b) happens if K t Q T G =£?(if , H)) 
and 

B S E^(H,L\0,T;H)). (4.32) 

We are able to verify these additional conditions in some important cases (supposing that 
the standing assumptions of this Section (4.3), (4.4) and (4.9) are satisfied). 

(a) All three conditions are satisfied if dim// < oo. 

(b) In the commutative case the first two conditions are satisfied with H = H. However, 
condition (4.32) is not satisfied with H = H even in simple infinite - dimensional situations 
and a smaller space if must be considered (cf. Example 4.10 below for details). 



= 75« (*> + 0) + v(t, 0, (*, e R+ x (0, 1), (4.33) 



Example 4.10. Consider the semilinear stochastic heat equation 
du d 2 u 

with an initial condition and Dirichlet boundary conditions 

u(0,£) = x(Z), u(t,0) = u(t,l)=0, f>0,Ce(0,l) (4.34) 

where / : R — ► K is bounded and continuous and rj denoted formally a space-dependent 
white noise. As well known (see e.g. [7] for fundamentals on the theory of stochastic 
evolution equations) the system (4.33) - (4.34) may be understood as an equation of the 
form (4.7) in the space H = L 2 (0,1) where A = J^, dom(A) = f#(0, 1) n # 2 (0,1), 
F : H — > H, F(y)(£) := f(y(£)), y G H, £ G (0,1), and \[Q is a bounded operator on 
H = L 2 (0, 1). We assume that the operator Q is boundedly invertible on H, (i.e., the noise 
is nondegenerate) . Then Hypothesis 4.3 is obviously satisfied and Hypothesis 4.4 (ii) is 
satisfied with /3 = | and arbitrary a G (0, |) (cf.[ll], Example 9.2 and references therein). 
Thus the conclusions of Theorems 4.5, 4.7 and 4.6 hold true in the present example. 



As far as continuity of the transition density "in the variable y" is concerned (cf. Remark 
4.9 ), the problem is more difficult and we only can verify our conditions in the diagonal 
(commutative) case. Denote by (e n ) and (a n ) the orthonormal basis in H consisting of 
eigenvectors of the operator —A and its corresponding eigenvalues (so we have a n > 0, 
a n ~ n 2 ), and assume that Q commutes with A, that is, 

Qe n = X n e n , < inf A n ^ sup A n < oo. 
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Then it is easy to compute eigenvalue expansions of all operators that are needed in Remark 
4.9. We have 

1 _ e ~2a„t 

KtQ^en = 1 _ e - 2anT e~ an{T ~ t) e n , (4.35) 

Q^S* T e n = 2e" Q " T ^(l - e^)" 1 ^ (4.36) 
A n 

C(T)e n = 2e" 2 - T ^(l - e^)^, (4.37) 

A n 

S 3 (s)e„ = 2e- Q "( T - s ^(l - e- a » T )- 1 e n . (4.38) 

V An 

Obviously, all operators given in (4.35) and (4.37) are in Jzf(i7), but it is easy to see that 
||-B3(s)|| ~ j^rj, so B3 is not an element of J?f (H, L 1 (0, T; H)) and we do not obtain the 

continuity in y in the norm of H. However, taking H = dom((— A) s ) endowed with the 
graph norm for any 5 > (which coincides with a suitable Sobolev-Slobodetskii space) 
we may easily check that the condition (4.32) is satisfied and we may conclude that the 
mapping y 1— > d(T, x,y) is H — > H continuous. 

In the present case it is also easy to write equation (3.15) for the OU Bridge that splits into 
a sequence of independent one-dimensional equations for particular coordinates z^ v {t) := 

7 j^ y , e^j . We obtain 

dz x n y(t) = [-a n ^(t)-2a„e- Q "( T -')(l-e- 2a ^^ 
for t G (0, T) with the initial condition 

where x n = (x,e n ), y n = (y,e n ) and Cn(t) = ((t,£n)- Here we do not have to assume that 
the eigenvalues a n are all negative, only a n ^ 0. If a n = for some n the corresponding 
equation takes the form 

dz^{t) = Vn ~ T zX f t {t) dt + y/)T n dC n (t), t e (0, T), 
which is a well-known equation for a one-dimensional Brownian Bridge. 
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